This work addresses the simulation of transitional flow over airfoils under low Reynolds number conditions (Rec ≤ 60000). The flow solutions are obtained by means of an Implicit Large Eddy Simulation (ILES) using a newly developed unstructured, parallel solver that employs the high-order spectral difference (SD) method for spatial discretization. The calculations are performed on the SD7003 airfoil section at an angle of attack of 4
Time and spanwise average skin friction coefficient, 2 
I. Introduction
Accurate simulation of low Reynolds number flows over airfoils and wings is of crucial importance for the design of model airplanes and micro air vehicles (MAV). Due to their size and speed, the Reynolds numbers over these vehicles are typically of the order of 10 4 to 10 5 . Accurate performance prediction in this Reynolds number range is difficult due to the tendency of the laminar flow to separate and transition over the wing. At moderate angles of attack, even the mildest pressure gradient causes the laminar flow to separate over the airfoil. After separation, the flow structures become increasingly irregular and eventually, transition from laminar to turbulent flow occurs. The turbulent mixing brings high-momentum fluid from the freestream to the near-wall region, which causes the flow to reattach, thus forming a laminar separation bubble (LSB). Figure 1 shows the main features of a LSB 1 .
Figure 1. General features of the mean flow field in a transitional laminar separation bubble (LSB) 1
As the Reynolds number or angle of attack is increased, the transition location moves further upstream, thereby diminishing the size of the laminar separation bubble. At some critical Reynolds number, the transition location coincides with the separation location and the bubble does not form.
One of the most popular approach to numerically simulate transitional flow over airfoils is to couple a Reynolds Averaged Navier-Stokes (RANS) solver with a turbulence transition model. The flow is assumed to be laminar up to the transition location predicted by the model, thus allowing a laminar separation bubble to form. Downstream of the transition location, the turbulence model is switched on and causes the flow to reattach. This approach requires an efficient and accurate transition model in order to obtain physically meaningful results. One of the most popular transition model is the e N method, which is based on linear stability analysis and boundary layer theory. With this approach, the Orr-Sommerfeld equation is solved in order to predict the local growth rates of unstable waves. Recently, researchers [2] [3] [4] have coupled a RANS solver with the e N transition model and have been able to accurately capture the time-mean LSB up to stall. However, results obtained with the RANS-e N approach are very dependent on the critical N-factor used in the transitional model and the choice of turbulence model. Furthermore, this approach is limited by its assumptions of two-dimensional parallel steady velocity profiles and thin boundary layers.
Recent studies [5] [6] [7] have investigated the application of high-order spatial discretization schemes without an added subgrid-scale (SGS) model for compressible large-eddy simulations. In these so-called Implicit LES (ILES) schemes, dissipation from a filter or from the numerical flux serves to incorporate the additional dissipation associated with the under-resolved eddies. For example, Visbal and Rizetta 5 used a 6 th order finite difference scheme coupled with a high-order low-pass filter to simulate an isotropic decaying turbulent flow. Results were in very good agreement with those obtained from a DNS calculation by Spyropoulos and Blaisdell 8 . ILES approaches have also been used by Uranga et al. 7 and Galbraith and Visbal 6 to simulate transitional flow over the SD7003 and have produced very good results. The ILES approach is very attractive because it allows the use of a single framework for mixed laminar, transitional and turbulent three-dimensional flows. Furthermore, it does not require any parameters to be tuned and is not limited to flows with two-dimensional parallel steady velocity profiles. The present work aims at investigating the feasibility of an ILES approach that uses the high-order SD method for spatial discretization and an artificially dissipative numerical flux.
The SD method is a newly developed efficient high-order scheme based on the differential form of the governing equations. The foundation for the SD scheme was first put forward by Kopriva and Kolias 9 in 1996 under the name of "staggered grid Chebyshev multidomain" methods. However, several years later in 2006 Liu, Wang and Vinokular 10 presented a more general formulation for both triangular and quadrilateral elements, which they termed the SD method (a name which has been retained to the present). Wang et al. 11 extended it to 2D Euler equations on triangular grids and Sun et al. 12 further developed it for the three-dimensional Navier-Stokes equations on hexahedral unstructured meshes. The SD method combines elements from finite-volume and finite-difference techniques, and is particularly attractive because it is conservative, has a simple formulation and provides geometric flexibility. Similar to the discontinuous Galerkin method 13 , the SD scheme achieves high-order accuracy by locally approximating the solutions as a highdegree polynomial inside each cell.
In this work, computations are performed on the SD7003 airfoil at different Reynolds numbers. The SD7003 airfoil was selected due to the existence of experimental and computational data available for comparison. Results are compared to experimental data obtained by Radespiel 2 in a water tunnel at the Technical University of Braunschweig (TU-BS) and by Ol et al. 14 in a water channel at the Air Force Research Labs Horizontal Free-Surface Water Tunnel (HFWT). The freestream turbulence intensities were 0.08% and 0.1% respectively. Furthermore, results are compared to the computational data obtained by Galbraith and Visbal 6 and Uranga et al. 7 , who both used an ILES approach coupled with a high-order spatial discretization. Galbraith and Visbal used a 6 th order accurate compact scheme based on the pentadiagonal system of Lele 15 , with a 10 th order low-pass filter. The high-order low-pass filter was used to stabilize the high order scheme and incorporate the additional dissipation associated with the under-resolved eddies. Uranga et al. 7 utilized a high-order Discontinuous Galerkin solver 13 . This paper starts by briefly presenting the unfiltered Navier-Stokes equations solved in this work, followed by a brief introduction of the spectral difference method. Then, the computational methodology used is summarized. Finally, results are presented for flow over the SD7003 airfoil at various Reynolds number. Comparisons with experimental and computational results are made in order to assess the feasibility of the current approach to accurately predict the performance of airfoils and wings in the transitional flow regime.
II. Governing Equations
The computations presented in this work are performed by the newly developed flow solver SD3D, a highorder accurate, unstructured, parallel solver for the Navier-Stokes equations. The SD3D code solves the unsteady, three-dimensional, compressible, unfiltered Navier-Stokes equations using the spectral difference method. The threedimensional unfiltered Navier-Stokes equations can be expressed as follows:
where the state vector Q, inviscid flux vectors F I ,G I and H I , along with the viscous flux vectors F V ,G V and H V are described respectively by
In these definitions, ρ is the density, u i is the velocity component in the x i direction and e is the total energy per unit mass. The pressure is determined from the equation of state,
For a Newtonian fluid, the viscous stresses are
and the heat fluxes are
The coefficient of thermal conductivity and the temperature are computed as
where P r is the Prandtl number, C p is the specific heat at constant pressure and R is the gas constant. For the cases considered in this paper, γ = 1.4 and P r = 0.72.
It should be noted that the SD3D code solves the unfiltered Navier-Stokes equations presented above without change in laminar, transitional, or turbulent flow. No additional sub-grid stress and heat flux terms are added; the unresolved small eddies are accounted for by means of numerical dissipation.
III. 3D Spectral Difference Scheme on Hexahedral Grids
In the present work, the Navier-Stokes equations are solved using the high-order spectral difference method for spatial discretization. The formulation of the equations on hexahedral grids is similar to the formulation of Liu et al. 12 , which will be summarized below for completeness. Consider the unsteady compressible Navier-Stokes equations in conservative form written as
where
To achieve an efficient implementation, all elements in the physical domain (x, y, z) are transformed to a standard cubic element,
where K is the number of points used to define the physical elements, (x i , y i , z i ) are the Cartesian coordinates at those points, and M i (ξ, η, ζ) are the shape functions. The governing equations in the physical domain are then transferred into the computational domain, and they take the form
The Jacobian matrix J is given by
In the standard element, two sets of points are defined, namely the solution points and the flux points, as illustrated in Figure 2 for a 2D element. In order to construct a degree (N − 1) polynomial in each coordinate direction, solution at N points are required. The solution points in 1D are chosen to be the Chebyshev points defined by
The flux points were selected to be the Legendre-Gauss quadrature points plus the two end points 0 and 1. The Legendre-Gauss quadrature points are the roots of the equation
where P n (ξ) is the Legendre polynomial of order n, P −1 (ξ) = 0 and P 0 (ξ) = 1. In a recent work, Jameson 16 utilized a flux reconstruction 17 formulation to prove that the SD method is stable in a norm of Sobolev type, provided that the interior flux collocation points are placed at the Legendre-Gauss quadrature points. Using the solutions at N solution points, a degree (N − 1) polynomial can be built using the following Lagrange basis defined as
Similarly, using the fluxes at (N + 1) flux points, a degree N polynomial can be built for the flux using the Lagrange basis
The reconstructed solution for the conserved variables in the standard element is the tensor product of the three onedimensional polynomials,
Similarly, the reconstructed flux polynomials take the following form:
The reconstructed fluxes are only element-wise continuous, but discontinuous across cell interfaces. For the inviscid flux, a Riemann solver is employed to compute a common flux at cell interfaces to ensure conservation and stability.
In the current implementation, the Rusanov solver 18 was used. The Rusanov scheme computes the common normal flux, F * n , using
where Q + and Q − represents the solution on both sides of the shared edge flux point, and α ∝ |u n | + c, where u n is the velocity normal to the edge and c is the local speed of sound. The viscous flux is a function of both the conserved variables and their gradients, therefore, the solution gradients have to be calculated at the flux points. The average approach described in reference 12 is used to compute the viscous fluxes.
IV. Computational Methodology
The computational mesh used for all test cases is a C-grid generated using the flo103 built-in mesh generator, which is extruded in the spanwise direction. It contains 128x24x16 cells in the ξ, η, ζ directions, for a total of 49152 cells. Tensor products of one-dimensional second and third order polynomials were used, to obtain third and fourth order accurate solutions in space respectively. The number of solution points per cell is N 3 , where N is the order of accuracy of the scheme and therefore, the third and fourth order accurate computations have respectively 1.3 million and 3.1 million degrees-of-freedom. The wing span to chord ratio is set to 0.2, the same value used by Galbraith and Visbal 6 . A span to chord ratio of 0.2 ensures that the flow is not artificially constrained, which would prevent threedimensional flow structures to develop. The far field boundary is located 15 chords away upstream and downstream, and 6 chords away above and below, to reduce its influence on the solution near the airfoil. The incoming Mach number is set to 0.1. Periodic boundary conditions are used along the spanwise direction and a no-slip, adiabatic wall condition was used on the surface of the airfoil. In this work, a low-storage three stage, third order TVD Runga-Kutta scheme 19 was used as the time-stepping scheme. Parallel execution using MPI is achieved by partitioning the unstructured mesh using the graph partitioning software METIS. An example of the partitioning obtained for the mesh used is shown in Figure 4 . 
V. Results
Third and fourth order accurate solutions were obtained using the SD3D solver for the flow over the SD7003 airfoil at an angle of attack of 4
• and Reynolds numbers of 10000 and 60000. In order to reduce the computational cost associated with initial transients from an a uniform initial solution, two-dimensional solutions were used for the initial condition on the three-dimensional mesh. All mean values were calculated by averaging the spanwise averaged time accurate solution over a non-dimensional time interval of 40. A non-dimensional time step of 5e −5 was used and solution was recorded at every 20 steps for the computation of the statistical quantities. Furthermore, to eliminate the effect of initial transients, the time averaging process was initiated only after convergence of the averaged quantities.
A. Effect of Spatial Dimensions

Reynolds Number = 10000, α = 4
• In order to investigate the necessity of three-dimensional computations at this Reynolds number, a two-dimensional solution was obtained by using a computational domain with one cell in the spanwise direction. Figures 5 and 6 show the distribution of the mean coefficient of pressure, Cp, and the mean coefficient of friction, C f , along the airfoil for the 2D and 3D computations. The order of accuracy of the scheme, N , was set to 3. Both figures indicate good agreement between the two-dimensional and three-dimensional calculations suggesting that the flow is mostly two-dimensional, at least over the airfoil. The two-dimensionality of the flow is also seen in figures 7(a) and 7(b) which shows contours of Reynolds stress for the 2D and 3D simulations respectively, and figures 8(a) and 8(b) which presents contour of spanwise vorticity. Iso-surfaces of the Q-criterion were used on the 3D results in order to identify three-dimensional flow structures. The use of the Q-criterion, initially proposed by Dubeif and Delcayre 20 , provides a mean of visualizing vortex cores and identify turbulent structures. It can be calculated from
where Ω ij and S ij are the anti-symmetric and symmetric part of the velocity gradient tensor.
The Q-criterion measures the balance between rate of vorticity Ω 2 = Ω ij Ω ij and the rate of strain S 2 = S ij S ij . Hence, regions of positive Q-criterion corresponds to regions of the flow dominated by vorticity, as in the core of a vortex for example. Figure 9 shows iso-surfaces of the Q-criterion over the SD7003 airfoil at Re = 10000, α = 4
• . The figure shows no spanwise variation over the surface of the airfoil and confirms that the shear layer does not transition over the airfoil
Reynolds Number=60000, α = 4
• At a Reynolds number of 60000, a two-dimensional solution was also obtained to evaluate the necessity of a threedimensional computation. A comparison between the two-dimensional and three-dimensional mean surface pressures and mean skin friction coefficients are presented in figures 10 and 11, for a fourth order accurate solution in space. Figures 12(a) and 12(b) show contours of the Reynolds stress for both cases. The Cp plot of the two-dimensional solution agrees reasonably well with the three-dimensional solution. However, the coefficient of friction distribution and the Reynolds stress contours are significantly different. Among other discrepancies, the Reynolds stress reaches a much higher value for the two-dimensional solution. Futhermore, the skin friction coefficient from the two-dimensional solution does not rise to the same level of the three-dimensional solution downstream of the reattachment point. In order to further illustrate the differences between the two solutions, instantaneous contours of vorticity on the plane z/c = 0.1 are shown in figures 13(a) and 13(b) for the 2D and 3D simulations, respectively. In the two-dimensional solution, the shear layer rolls up into a coherent vortex that maintains its shape as it travels downstream.In the threedimensional solution however, the coherent vortex breaks down due to transition to turbulent flow. Figure 14 shows iso-surfaces of the Q-criterion over the SD7003 airfoil at Re = 60000, α = 4
• for the three-dimensional simulation. Three-dimensional vortical structures are easily identified, clearly indicating the three-dimensional nature of the flow at this Reynolds number.
B. Comparison with Previously Published Computational and Experimental Results
In this section, results obtained with the SD3D solver are compared to previously published numerical and experimental results. Computational data obtained by Uranga et al. 7 and Galbraith and Visbal 6 are used for comparison. Uranga et al. used a Discontinuous Galerkin scheme with a fourth order accurate spatial discretization on a grid containing 52,800 tetrahedral elements, for a total of 1 million degrees of freedom. Galbraith and Visbal used an overset mesh containing 5.7 millions points, with 69% of the points located on the suction side of the airfoil. The spatial discretization scheme used in their work is a 6 th order compact finite difference scheme with a highly discrimating 10 th order filter, that was chosen to filter out only the under-solved high wave numbers. The present numerical solutions will also be compared to high-resolution velocity and Reynolds stress experimental measurements obtained by Radespiel 2 and Ol et al. 14 for the flow over the SD7003 airfoil at Re = 60000. Table 1 shows a summary of the results obtained for the case Re=10000, α = 4
• . Overall, results obtained with the SD3D code agree quite well with the other computational experiments.
Data Set
Separation Transition Reattachment Mean Mean 
Reynolds Number= 60000, α = 4
• At a Reynolds number of 60000, transition takes place across a laminar separation bubble (LSB) over the airfoil. Third and fourth order accurate solutions were obtained using the spectral difference method and results are compared with previously published numerical and experimental results. Average pressure coefficient and skin friction friction coefficient distributions on the airfoil are compared with numerical results obtained by Uranga 7 and Galbraith and Visbal 6 in figures 19 and 20. Increasing the order of accuracy of the SD scheme yields Cp and C f distributions that approach those obtained by Galbraith and Visbal 6 who used a 6th order accurate scheme on a much finer mesh. Although the pressure and skin friction gradients in the transition region are not as sharp as those obtained by Galbraith and Visbal, they occur at the same location and good overall agreement is found. Pressure and skin friction gradients obtained with the SD3D code in the transition region are steeper than the one obtained by Uranga et al 7 . This is most likely due to the finer grid resolution used with the SD3D code. Computed contours of Reynolds stresses obtained from the TU-BS and HFWT experimental measurements and the numerical simulation by Galbraith and Visbal are shown in figure 21 . Those results are compared with third and fourth order accurate solutions obtained with the SD3D solver in figure 22 . Similarly, figures 23 and 24 compare average spanwise vorticity contours. Computed Reynolds stresses obtained with N=3 and N=4 agree well with computational results from Galbraith and Visbal and experimental results in terms of shape, magnitude and extent. Similarly, general shape and extent of the computed shear layer shown with contours of spanwise vorticity in figure 24 differs little from numerical and experiments measurements. Table 2 compares separation, transition and reattachment locations at 4
• angle of attack measured from the two experimental facilities along with simulations by Yuan et al. 4 , Lian et al. 3 , Uranga, Galbraith and Visbal, and the present ILES computation. The separation and reattachment locations were recorded by looking at the streamlines of the mean velocity profile shown in figure 25 . Again, turbulent transition is assumed to occur when the Reynolds stress reaches a value of 0.1% and exhibits a clear visible rise. In the RANS-e N calculations by Yuan et al. and Lian et al., a critical Nfactor of 8 was used, based on the empirical relationship between freestream turbulence intensity and critical N-factor by Mack 21 . Results obtained with the spectral difference method by means of a ILES are in excellent agreement with computational results of Galbraith and Visbal 6 . The transition and reattachment location predicted by the current ILES also agree well with the TU-BS measurements. Thus, even though the grid resoltion is clearly too coarse to capture all scales of the flow, and the dissipation from the numerical scheme is unable to discriminate between resolved and underresolved scales, the proposed method appears to accurately predict the laminar separation and subsequent transition to turbulent flow.
Data Set
Freestream Separation Transition Reattachment Turbulence 
VI. Conclusion
This paper presents computational results for the prediction of the formation of a laminar separation bubble (LSB) and its subsequent burst to turbulent flow on the SD7003 airfoil. Solutions were obtained by means of an Implicit Large Eddy Simulation (ILES) with a newly developped, parallel Navier-Stokes solver that uses the spectral difference method for spatial discretization. With a fairly coarse grid, computed separation, transition and reattachment locations were in good agreement with previously published experimental and computational results. The use of the spectral difference method which provides low numerical dispersion combined with an artificially dissipative numerical flux seems to permit the accurate simulation of transitional flow over the SD7003 airfoil at the Reynolds number and angle of attack considered. As pointed by Visbal and Rizetta 5 , the artificial dissipation from the numerical flux is unable to discriminate between resolved and under-resolved scales but despite this, the current ILES scheme achieved very good results for the test cases considered. Future work is required to evaluate the feasibility of the current approach for other well documented test cases such as an isotropic decaying turbulent flow or a turbulent channel flow. 
